We extend the gravitational self-force methodology to identify and compute new O(µ) tidal invariants for a compact body of mass µ on a quasi-circular orbit about a black hole of mass M µ. In the octupolar sector we find seven new degrees of freedom, made up of 3+3 conservative/dissipative 'electric' invariants and 3+1 'magnetic' invariants, satisfying 1+1 and 1+0 trace conditions. After formulating for equatorial circular orbits on Kerr spacetime, we calculate explicitly for Schwarzschild spacetime. We employ both Lorenz gauge and Regge-Wheeler gauge numerical codes, and the functional series method of Mano, Suzuki and Takasugi. We present (i) highly-accurate numerical data and (ii) high-order analytical post-Newtonian expansions. We demonstrate consistency between numerical and analytic results, and prior work. We explore the application of these invariants in effective one-body models, and binary black hole initial-data formulations, and conclude with a discussion of future work.
I. INTRODUCTION
The prospect of 'first light' at gravitational wave detectors has spurred much work on the gravitational two-body problem in relativity. It is now a decade since the first (complete) simulations of binary black hole (BH) inspirals and mergers in numerical relativity (NR) [1] . Such simulations have revealed strong-field phenomenology, such as 'superkicks' [2] , and have provided template gravitational waveforms. Yet, it may be argued, numerical relativity has also highlighted the 'unreasonable effectiveness' of both post-Newtonian (PN) theory [3] , and the Effective One-Body (EOB) model [4] .
BH-BH binaries, and their waveforms, are described by parameters including the masses M , µ, spins, orbital parameters (p, e), etc. The parameter space expands for BH-neutron star (NS) binaries -a key target for detection in 2016 [5] -as tidal interactions also play an important role [6, 7] . Semi-analytic models, such as the EOB model, allow for much finer-grained coverage of parameter space than would be possible with (computationally-expensive) NR simulations alone. In addition, effective models can bring physical insight [8] [9] [10] . For real-time data analysis it may be necessary to blend effective models with surrogate/emulator models [11, 12] and careful analysis of modelling uncertainties [13] .
By design, the EOB model [14] [15] [16] [17] [18] incorporates under-determined functional relationships, which are 'calibrated' with PN expansions and numerical data. Recently, it was shown that invariant quantities computed via the Gravitational Self-Force (GSF) methodology [19] [20] [21] can be used for exactly this purpose [15, [22] [23] [24] [25] [26] . In fact, as the GSF methodology is designed to provide highly-accurate strong-field data in the extreme mass-ratio regime [27, 28] , it provides complementary constraints to PN and NR approaches, which excel in the weak-field and comparable massratio regimes, respectively [29] . Thus, new GSF data, nominally limited in scope to the extreme-mass ratio regime, µ/M 1, may immediately be applied to enhance models of comparable-mass inspirals, required for data analysis at, e.g., Advanced LIGO [5] .
In recent years, a growing number of invariant quantities, associated with geodesic orbits in black hole spacetimes perturbed through linear order O(µ/M ), have been extracted from GSF theory. For quasi-circular orbits on Schwarzschild, these include (i) the redshift invariant [30, 31] , (ii) the shift in the innermost stable circular orbit [32] , (iii) the periastron advance (of a mildly-eccentric orbit) [32, 33] , (iv) the geodetic spin-precession invariant [25, 34, 35] , (v) tidal eigenvalues [26, 36, 37] , (vi) certain octupolar invariants [26, 37] . Recently, (i) has been computed for eccentric orbits [33, 38] , and (i)-(ii) have been computed for equatorial quasi-circular orbits on Kerr spacetime [39] .
In 2008, the GSF redshift invariant at O(µ/M ) was compared against a post-Newtonian series at 3PN order
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(i.e., O(v 6 /c 6 )) [30] . Many further PN expansions have followed for invariants (i)-(vi) at very high PN orders [25, 26, [34] [35] [36] [40] [41] [42] ]. An 'arms race' between numerical (GSF) and analytical (PN) approaches has developed, enabling precise comparisons of high-order coefficients [35, 36, [40] [41] [42] . Such comparisons are invaluable in quality assurance, as they have been used to correct small errors in both GSF calculations [36] and PN expansions [35] . Furthermore, in the 'experimental mathematics' approach [40, 43] , high-order PN coefficients may be extracted in closed (transcendental) form from exquisitely-precise numerical GSF calculations.
The purpose of this paper is to classify and compute GSF invariants at 'octupolar' order, i.e., featuring three derivatives of the metric, or equivalently, first derivatives of the Riemann tensor. This sector has been previously considered by Johnson-McDaniel et al. [44] and Bini & Damour [26] , among others [45] [46] [47] [48] . Our intention is to provide a complementary analysis which extends recent GSF work on the dipolar (spin precession) and quadrupolar (tidal) sectors. We aim for completeness, by (i) seeking a complete basis of octupolar invariants, (ii) providing both numerical GSF data and high-order PN expansions at O(µ/M ).
In outline, the route to obtaining invariants is straightforward: (1) in the GSF formulation, the motion of a small compact body is associated with a geodesic in a regularly-perturbed vacuum spacetime [49, 50] ; (2) the electric tidal tensor E ab of the regularly-perturbed spacetime defines an orthonormal triad at each point on the geodesic; (3) the covariant derivative of the Riemann tensor R abcd;e resolved in this triad gives a set of well-defined scalar quantities {χ i }; (4) the functional relationships χ i (Ω), where Ω is the circular-orbit frequency, are free of gauge ambiguities; (5) we define the 'invariants' ∆χ i (Ω) to be the O(µ) parts of the differences χ i (Ω, µ) − χ i (Ω, µ = 0).
The article is organized as follows. In Sec. II, we introduce electric and magnetic tidal tensors of octupolar order; decompose in the 'electric quadrupole' triad; examine the 'background' (µ = 0) quantities; and apply perturbation theory to derive invariant quantities through O(µ). In Sec. III we describe various computational approaches for obtaining the regular metric perturbation h R ab and its associated invariants. In Sec. IV we present our results, primarily in the form of tables of data and PN series. In Sec. V we outline two wider applications of our work. We conclude with a discussion of progress and future work in Sec. VI.
Conventions: We set G = c = 1 and use the metric signature +2. In certain contexts where the meaning is clear we also adopt the convention that M = 1. General coordinate indices are denoted with Roman letters a, b, c, . . ., indices with respect to a triad are denoted with letters i, j, k, . . ., and the index 0 denotes projection onto the tangent vector. The coordinates (t, r, θ, φ) denote general polar coordinates which, on the background Kerr spacetime, correspond to Boyer-Lindquist coordinates. Covariant derivatives are denoted using the semi-colon notation, e.g., k a;b , with partial derivatives denoted with commas. Symmetrization and anti-symmetrization of indices is denoted with round and square brackets, () and [], respectively.
II. FORMULATION
A. Fundamentals
Tidal tensors
We begin by considering a circular-orbit geodesic in the equatorial plane of the regularly-perturbed vacuum Kerr spacetime g ab with a tangent vector u a . From the Riemann tensor R abcd (equal to the Weyl tensor C abcd in vacuum) we can construct electric-type and magnetic-type 'quadrupolar' tensors,
where R * abcd = 1 2 ε ef ab R ef cd . We may also construct 'octupolar' tensors,
3)
The quadrupolar tensors are symmetric (E ab = E ba , B ab = B ba ), transverse (E ab u b = 0 = B ab u b ), and traceless (B a a = 0 in general, E a a = 0 in vacuum). Similarly, the octupolar tensors are symmetric, and traceless in the first two indices (as R abcd = R cdab and R ab = R c acb = 0) in vacuum. By contracting the Bianchi identity (or its dual) R abcd;e + R abde;c + R abec;d = 0, we observe that the octupolar tensors are also traceless on the latter pair of indices, E b ab = 0 = B b ab , in vacuum. Note however that the octupolar tensors are not symmetric in the latter pair of indices, in general.
Tetrad components
Let us now introduce an orthonormal tetrad {e a 0 = u a , e α i } on the worldline and define tetrad-resolved quantities in the obvious way, so that
where χ abc... is any tensor and i, j, k ∈ {1, 2, 3}. The quadrupole components are spatial, E 00 = E 0i = 0 = B 0i = B 00 . The octupole components are spatial in first two indices, but not in general. We may then consider three types of octupolar terms, namely, 6) and similarly for B. Here () and [] denotes the complete symmetrization and anti-symmetrization of indices.
Note that E ij is real and symmetric, and thus its eigenvalues are real and its eigenvectors are orthogonal. Thus, we may select our triad e i a to coincide with the electric-quadrupolar eigenbasis. In other words, we choose the triad in which E ij is diagonal. We choose e a 2 to be the vector orthogonal to the equatorial plane.
Equatorial symmetry
For circular equatorial orbits, the reflection-in-equatorial plane symmetry implies that many components are identically zero. Namely, with all permutations of these indices also zero.
B. Classification of octupolar components
Now we consider the three types of terms (2.6) separately, and show that χ ij0 and χ i[jk] may be derived from dipolar and quadrupolar terms, whereas χ (ijk) encode new information at octupolar order.
Eij0 and Bij0
For circular orbits, we have u b e a 1;b = ω e where ω is the precession frequency with respect to proper time, defined by parallel transport observed from the electric eigenbasis (c.f. Ref. [34, 36] ). As the quadrupolar eigenvalues are time-independent on circular orbits, the only non-trivial components are
(2.10)
E i[jk] and B i[jk]
By virtue of the the Bianchi identity, 
D. Circular orbits: Perturbation theory
Here we seek expressions for the octupolar quantities in the regular perturbed spacetimeḡ ab + h R ab , whereḡ ab is the Kerr metric in Boyer-Lindquist coordinates, and h R ab = O(µ) is the 'regular' metric perturbation defined by Detweiler & Whiting [49] . We work to first order in the small mass µ, neglecting all terms at O(µ 2 ), and noting that the regular perturbed spacetime is Ricci-flat.
We take the standard two-step approach [30, 31, 36] . For a given geodesic quantity χ (e.g. E (111) ), we first compare χ on a circular geodesic in the perturbed spacetime with χ on a circular geodesic the background spacetime at the same coordinate radius r = r 0 . Then, noting that r 0 itself varies under a gauge transformation at O(µ), we apply a correction to compare χ on two geodesics which share the same orbital frequency Ω.
Following the convention of Ref. [36] , we use an 'over-bar' to denote 'background' quantities, so that barred quantities such asū a are assigned the same coordinate values as in Sec. II C. We use δ to denote the difference at O(µ), i.e., δe a i ≡ e a i −ē a i . At O(µ), δ may be applied as an operator with a Leibniz rule δ(AB) = (δA)B + AδB. In general, such differences are gauge-dependent. To obtain an invariant difference, we introduce the 'frequency-radius' r Ω via
Then, we write
Hereχ(r Ω ) has the same functional form as χ on the background spacetime, with r 0 replaced by r Ω . As ∆χ is at O(µ), we may parameterize ∆χ using the O(µ 0 ) 'background' radius r 0 , rather than r Ω , as r 0 − r Ω = O(µ). Such relationships, ∆χ(r 0 ), are invariant within the class of gauges in which the metric perturbation is helically-symmetric (implying thatū c h R ab,c = 0 at the relevant order).
Perturbation of the tetrad
We may write the variation of the tetrad legs in the following way,
with the coefficients β ab = O(µ) to be determined below. First, we note that β 00 and β 03 may be found by recalling key relations previously established in GSF theory for equatorial circular orbits on Kerr spacetime [30, 52] , namely,
Here h 00 ≡ h R abū aūb , and the radial component of the GSF is given bỹ
Hence we have β 00 = 1 2 h 00 and . By similar reasoning, β 10 = h 01 and β 31 + β 13 + h 13 = 0. To eliminate the residual rotational freedom in the triad at O(µ), we now impose the condition that the triad is aligned with the electric eigenbasis, i.e., that E ij is diagonal in the perturbed spacetime (so that, e.g., E 13 = 0). From this condition it follows that
32) 
Invariant relations
As noted above, the coordinate radius of the orbit, r = r 0 , is not invariant under changes of gauge (i.e., coordinate changes at O(µ)). On the other hand, the orbital frequency Ω is invariant under helically-symmetric gauge transformations. Following Eq. (2.27), we may therefore express the functional relationship between χ ∈ E (111) , . . . and Ω as follows, Table I of Ref. [36] . We may compute ∆ω from the redshift and spin-precession invariants, ∆U and ∆ψ, using 45) together with the data in Table III of Ref. [36] . Similarly, the variation ∆K 3+ , for example, can be found by applying ∆ in this manner to Eq. (2.15). This can then be related to the quantityδ K3+ , whose post-Newtonian expansion was given to 7.5PN in Ref. [26] . Noting that
we then have a relation between the first-order perturbations,
III. COMPUTATIONAL APPROACHES
In this section we outline our methods for computing the octupolar invariants for a particle of mass µ on a circular orbit of radius r 0 in Schwarzschild geometry. Our approaches break into two broad catagories: (i) numerical integration of the linearized Einstein equation in either the Regge-Wheeler (RW) or Lorenz gauge and (ii) analytically solving the Regge-Wheeler field equations as a series of special functions via the Mano-Suzuki-Takasugi (MST) method. In both cases we decompose the linearized Einstein equation into tensor-harmonic and Fourier modes and solve for the resulting decoupled radial equation. In this section, and subsections that follow, l and m are the tensor-harmonic multipole indices, ω is the mode frequency and we work with standard Schwarzschild coordinates (t, r, θ, ϕ). For this section let us also define f ≡ f (r) = 1 − 2M/r. We shall also use a subscript '0' to denote a quantity evalulated at the particle. Finally, note that for a circular orbit about a Schwarzschild black hole the particle's (specific) orbital energy and angular-momentum are given by
respectively. For calculations in the RW gauge there is a single 'master' radial function, Ψ lmω , to be solved for each tensorharmonic and Fourier mode [53, 54] . For circular orbits the Fourier spectrum is discrete and given by ω ≡ ω m = mΩ where Ω = M/r 3 0 is the azimuthal orbital frequency. Consequently, we label the RW master function with only lm subscripts hereafter. The full metric perturbation can be rebuilt from the Ψ lm 's and their derivatives [55] . For l ≥ 2 the ordinary differential equation that Ψ lm obeys takes the form
where r * is the radial 'tortoise' coordinate given by dr * /dr = f −1 and U (r) is an effective potential. The effective potential used depends on whether the perturbation is odd or even parity. For the odd/even parity modes, equivalently l + m = odd/even, the potential is given by
respectively, where λ = (l + 2)(l − 1)/2 and Λ = λ + 3M/r 0 . The form of the source terms, S i , also differ for the even and odd sectors. Explicitly, the odd sector sources take the form [56]
For the even sector, we have
where we have defined the following expressions for convenience:
For the radiative modes l ≥ 2, m = 0 we will construct homogeneous solutions to Eq. (3.2) either numerically or as a series of special functions, as outlined in the subsections below. For the static (l ≥ 2,m = 0) modes, closed-form analytic solutions to the homogeneous RW equation are known. In the odd sector these can be written in terms of standard hypergeometric functions:
where hereafter an overtilde denotes a homogeneous solution, a '+' superscript denotes an outer solution (regular at spatial infinity, divergent at the horizon), a '−' denotes an inner solution (regular at the horizon, divergent at spatial infinity) and x = 2M/r. In practice, we need only solve the simpler odd sector field equations, and construct the even sector homogeneous solutions via the transformation [55] :
Note this equation holds for both static and radiative modes. We construct the inhomogeneous solutions to Eq. (3.2) via the standard Variation of Parameters method. As the source contains both a delta-function and the derivative of a delta-function the inhomogeneous solution and its radial derivative will both be discontinuous at the particle. Constructing the inhomogeneous solutions then becomes a 'matching' proceedure with the jump in the field and its derivative across the particle governed by coefficients S 1 and S 2 . Supressing even/odd notation, we define matching coefficients as follows: 15) with the usual Wronskian defined as
. Finally we construct the inhomogeneous solutions via
where the D ± lm 's are constants for all values of r. To complete the metric perturbation in the RW gauge we use the l = 0 and l = 1 results of Zerilli [57] . Detweiler and Poisson expressed these contributions succinctly for circular orbits [58] . For the monopole and static dipole we have
where Θ is the Heaviside step function and all other components are zero. The l = 1, m = 1 mode does not contribute to our gauge invariant quantities so we will not give the explicit expression for the non-zero h tt , h tr and h rr components of this mode (but as a check we use the expressions, given as Eqs. (5.1)- (5.3) in Ref. [58] , to check that the contribution from this mode to our invariants is identically zero).
As well as working in the RW gauge we also make a computation in the Lorenz gauge. Our code is a Mathematica re-implentation of that presented by Akcay [59] and as such we refer the reader to that work for further details.
A. Numerical computation of the retarded metric perturbation
For our RW gauge calculuation, as discussed above, analytic solutions are known for the monopole, dipole and static (m = 0) modes. This only leaves the radiative modes (l ≥ 2, m = 0) to be solved for numerically. Our numerical routines are implemented in Mathematica which allows us to go beyond machine precision in our calculation with ease. Given suitable boundary conditions near the black hole horizon and at a sufficiently large radius (we discuss below how we choose these radii in practice), we use Mathematica's NDSolve routine to solve for the inner and outer solutions to the homogeneous Regge-Wheeler equation (3.2). Inhomogenous solutions are then constructed by imposing matching conditions of these functions at the location of the orbiting particle.
Numerical boundary conditions
In order to construct boundary conditions, we use an appropriate power law ansatz for Ψ RW at each of our boundaries, given byΨ
Recursion relations for the series coefficients can be found by inserting our ansatz into the homogeneous RW equations, and choosing a maximum number of outer and inner terms n max = n ± gives us initial values for our fields at these boundaries. Inserting (3.20) and (3.21) into (3.2) for the odd sector, we find the following recursion relations:
As discussed above we do not need to solve the even sector field equations as we can transform from the simpler odd sector solutions using Eq. (3.14). For the inner homogeneous solutions, the convergence of the series (3.20) improves with increasing n − , and in practice we choose n − = 35. The outer solutions require more care, as the boundary at infinity is an irregular singular point. Our expansion in Eq. (3.21) is an asymptotic series and, as such, the series is not strictly convergent in n for a fixed r ∞ . The ansatz will initially show power law convergence with increasing n, but for sufficiently high n the series will begin to diverge. At this point it is no longer useful to add higher order terms. Note for a fixed max value n + the series will still converge with increasing r ∞ as expected. After analysing this behaviour, we take n + = 100 to get the best boundary conditions. Given the boundary expansions as a function of r H/∞ , for fixed n ± , we must then choose a location for our boundary sufficiently close to r * = ±∞ to give the desired accuracy. Setting the final term in our ansatz to be of order 10 −d , where d is our desired number of significant figures, we choose as our boundaries:
The expansions (3.20) and (3.21) give the boundary conditions in terms of an arbitary overall amplitude, specified by a 0 and b 0 . As we first construct homogeneous solutions we can set these amplitudes to any non-zero value, and in practice we choose a 0 = b 0 = 1. The amplitudes are then fixed by the matching procedure described above.
Numerical algorithm
In this section we briefly outline the steps we take in our numerical calculation in the Regge-Wheeler gauge. The Lorenz-gauge calculation follows a very similar set of steps [59] .
• For each lm-mode with l ≥ 2 solve the odd sector RW equation, even if l + m = even. For the radiative modes (l ≥ 2, m = 0) calculate boundary conditions for the homogeneous fields at r H/∞ using Eqs. (3.20) and (3.21) . Using the boundary conditions, numerically integrate the homogeneous field equation (3.2) from the boundaries to the particle's orbit at r = r 0 . For the static modes (l ≥ 2, m = 0) evaluate the static homogeneous solutions (3.12)-(3.13) at the particle. Store the values of the inner and outer homogeneous fields and their radial derivatives at r 0 .
• For l ≥ 2 and l+m = even transform from the odd sector homogeneous solutions to the even sector homogeneous solutions using Eq. (3.14).
• For all modes with l ≥ 2 construct the inhomogeneous solutions via Eq. (3.16).
• For the l ≥ 2 modes reconstruct the metric perturbation using the formula in, e.g., Refs. [55] .
• Complete the metric perturbation using the monopole and dipole solutions given in Eqs. (3.17)-(3.19).
• Compute the retarded field l-mode (summed over m) contributions to the octupolar invariants using the formulae in Appendix A.
• Construct the regularized l-modes using the the standard mode-sum approach. The resulting contributions to the mode-sum accumulate rather slowly as l −2 .
• Numerically fit for the unknown higher-order regularization parameters and use these to increase the rate of convergence of the mode-sum with l. This procedure is common in self-force calculations and is described in, e.g., Ref. [60] .
• To get the final result sum over l and make the shift to the asymptotically flat gauge as discussed in Appendix B.
For r 0 ≥ 4M we set the maximum computed l-mode to be l max = 80. This is sufficient to compute the octupolar invariants to high accuracy -see Sec. IV for details on the accuracy we obtain. For orbits with 3M < r 0 < 4M we find we need an increasing number of l-modes to achieve good accuracy in the final results, and for orbits near the light-ring (located at r 0 = 3M ) we set l max = 130 in our code -see Sec. IV C.
B. Post-Newtonian expansion
The generation of analytic post-Newtonian expansions for the octupolar gauge invariants requires a calculation of the homogeneous solutions of the Regge-Wheeler equation for each mode. A general strategy for doing this was described in [61] . The calculation is broken into three sections: (i) the exact results of Zerilli give the = 0, 1 components of the metric -see Eqs. (3.17)-(3.19), (ii) certain 'low-' values calculated using the series solutions of Mano, Suzuki and Takasugi and (iii) 'high-' contributions using a post-Newtonian ansatz. In a recent paper [42] this approach was optimised and improved allowing extremely high PN orders to be computed, which otherwise are only accessible by experimental mathematics techniques [40, 41, 62, 63] . In the rest of this section we give a very brief overview of our technique and refer the reader to Ref. [42] for further details.
The analytic MST homogeneous solutions are expressed using an infinite series of hypergeometric functions denoted X in m , which satisfies the required boundary conditions at the horizon, and a series of irregular confluent hypergeometric functions, X 
For the purposes of doing a PN expansion of the solutions for a particle on a circular orbit one finds two natural and related small parameters, the frequency ω and the inverse of the radius, which are related by M Ω = 2GM/r 3 . A natural way to deal with this double expansion is to instead expand in η = 1/c, and introduce two auxiliary variables X 1 = GM/r, X 2 1/2 = ωr, so that each instance of X 1 and X 2 must each come with an η 2 and are of the same order in the large-r limit. Expanding these solutions to a given PN order in this way amounts to truncating the X in/up infinite series at a finite order. However an in depth analysis of the series coefficients and the sometimes subtle behaviour of the hypergeometric functions reveals a structure that can be exploited to optimise this truncation order and fine tune the length of the expansion of each term in the series.
A practical difficulty of this approach is that the MST series becomes increasingly large with higher η-order. For each PN order y ∼ 1 rΩ ∼ η 2 so that to get say 10 PN, we need 20 η powers. Significant further simplifications of these large series can be made rewriting the expansion as, for example, 28) where the A i are strictly polynomials in X 1 , X 2 . Since 2X 1 X 2 1/2 = 2GM ω, we see that ψ is r-independent allowing it to be essentially ignored as it will drop out with the wronskian during normalisation. We note that the purely even series in η includes some odd powers that appear at -dependent powers, and with these we also get extra unaccounted for log terms. For instance, for = 2 the first odd term is at η 13 . As such, for a large-enough (dependent on the required expansion order), the homogeneous solutions become regular enough to instead use an ansatz of purely even powers as the solution of the RW equation. The details of this are described thoroughly in [42] . Once the homogeneous solutions of the Regge-Wheeler equation have been obtained, the even-parity solutions can be expressed using Eq. (3.14). This allows us to reconstruct the full metric perturbation, and from there our gauge invariant quantities, entirely from the Regge-Wheeler series solutions.
IV. RESULTS
In this section we present results for the octupolar invariants computed for circular orbits in a Schwarzschild background. More specifically, we present the six electric-type invariants defined in Eqs. (2.35a)-(2.35f), and the four magnetic-type invariants defined in Eqs. (2.38a)-(2.38d). In Sec. IV A we exhibit numerical data, and in Sec. IV B we supply post-Newtonian expansions. In Sec. IV C we examine the behaviour of the invariants in the approach to the light-ring at r = 3M . 
A. Numerical data
We have employed two independent calculations in the Regge-Wheeler and Lorenz gauges: see Sec. III or Ref.
[59] for details, respectively. Both codes are implemented in Mathematica, which allows us to go beyond machine precision. We find that the Regge-Wheeler and Lorenz gauge results for retarded field contribution to the invariants agree to around 22-24 significant figures. This high level of agreement, exemplified in Fig. 1 , increases our confidence in the validity of the numerical calculation.
In Table I we present sample numerical results for the three conservative electric-type invariants. Table II provides the results for the three dissipative electric-type invariants. As the computation of the latter does not involve a regularization step, the dissipative results are considerably more accurate than for the conservative results. Our numerical results for the three conservative and one dissipative magnetic-type invariants are presented in Table III .
B. Post-Newtonian expansions
As outlined in Sec. III B, we have made a post-Newtonian calculation of the octupolar invariants using a method which builds upon the work of Ref. [42] . This method allows us to take the expansions to very high order. Results at 15th post-Newtonian order are available in an online repository [64] . Here, for brevity, we truncate the displayed results at a relatively low order: where here y = M/r 0 . Figure 2 shows sample comparisons of our PN and numerical results. We observe that, as higher-order PN terms are included in the comparison, the agreement improves for all values of r 0 . For large orbital radii the comparison saturates at the level of our (smaller than machine precision) numerical round-off error. For strong-field orbits, the comparison allows us to estimate how well the PN series performs in this regime. At r 0 = 10M we typically find that the 15PN series recovers the first 7-8 significant digits of the numerical result. At the innermost stable circular orbit, at r 0 = 6M , the 15PN series successfully recovers the first 3-4 significant figures. The excellent agreement we observe between our PN and numerical calculations gives us further confidence in both sets of results.
C. Behaviour near the light-ring
With our numerical codes we can calculate the behaviour of the octupolar invariants as the orbit approaches the light-ring at r 0 = 3M . In general, the invariants will diverge as the light-ring is approached, and knowledge of the rate of divergence, along with our high-order PN results and our other numerical results, may be useful in performing global fits for the invariants across all orbital radii. Such fits find utility in EOB theory and already results for the redshift, spin precession and tidal invariants have been employed in EOB models [24] [25] [26] . In this section we discuss, and give results for, the rate of divergence of the invariants near the light-ring but stop short of making global fits for the invariants.
The main challenge in computing conservative invariants near the light-ring is the late onset of convergence of the mode-sum in this regime (see Ref. [24] for a discussion of this behaviour). This necessitates computing a great deal more lm-modes; typically we set l max = 130 for our calculations in this regime. By comparison, for orbits with r 0 = 4M we use l max = 80. Not only then do we need to numerically compute an additional 8085 lm-modes, on top of the 3239 modes required to reach l max = 80, but these higher lm-modes are more challenging to calculate numerically For each invariant we plot the relative difference between the numerical data and successive truncations of the relevant PN series, i.e., in the legend 'xPN' means we are comparing against the PN series with all terms up to and including (relative) xPN order. As successive PN terms are added the agreement between the PN series and the numerical results improves. For the conservative invariants, such as ∆E122, the agreement between the PN series and the numerical data saturates at a relative accuracy of 13-14 significant figures. For the dissipative invariants, such as ∆B123, the comparison saturates at 21-22 significant figures. This difference in accuracy in the numerical data stems from the requirement to regularize the conservative invariants whereas the dissipative invariants do not require regularization.
owing to the stronger power-law growth near the particle for high l and the high mode frequency (and thus large number of oscillations that need to be resolved far from the particle) for high m-modes. These considerations mean that numerical calculations at radii near the light-ring are substantially more computationally expensive than our other numerical results.
Our main results are presented in Fig. 3 . We are able to infer the rate of divergence of five out of six of the electricand magnetic-type invariants. Defining z ≡ 1 − 3M/r 0 we find ∆E (111) ∼ −0.00589z −5/2 , ∆E (122) ∼ 0.00406z −5/2 , ∆E (133) ∼ 0.0129z −5/2 , B (211) ∼ −0.0039z −2 and B (222) ∼ 0.0039z −2 as z → 0. For the remaining conservative invariant, ∆B (233) , our current results are not sufficient to accurately determine the divergence rate, but we can say that the rate is subdominant to the other invariants.
V. APPLICATIONS
Here we briefly outline two possible applications of the results of Sec. IV: in informing EOB theory, and in refining initial data for binary black hole simulations with large mass ratios in the strong field. FIG. 3 . Divergence of the conservative octupolar invariants as the orbital radius approaches the light-ring. The electric-type invariants, ∆E (111) , ∆E (122) , ∆E (133) , diverge as z −5/2 where z = 1 − 3M/r0. Two of the magnetic-type invariants, ∆B (211) and ∆B (222) , are observed to diverge as z −2 . We are unable to accurately deduce the rate of the divergence ∆B (233) but we plot our numerical results to show that its rate of divergence is subdominant to the other invariants.
A. Informing EOB theory
In EOB theory, the dynamics of binary systems are reformulated in terms of the dynamics of a single "effective" body moving in a metric ds 2 = −A(u; ν)dt 2 +B(u; ν)dr 2 +r 2 dθ 2 + sin 2 θdφ 2 (non-spinning case), where A(u; ν) and B(u; ν) are smooth functions of inverse radius u = (M + µ)/r and symmetric mass ratio ν = µM/(µ + M ) 2 . For tidal interactions, it was proposed in Ref. [65] that the metric function should take the form
. The latter terms are radial potentials associated with tidal deformations of bodies 1 and 2, which may be decomposed into multipolar contributions, A and kinematically-invariant functions J • (y) formed from the tidal tensors (see Eq. (6.11) in Ref. [26] ). In the quadrupolar sector, the relevant invariants are
In the electric-octupolar sector, the relevant quantities are (see Appendix D of [26] ) J 3+ = K 3+ + [26] ). With the results of Sec. IV, we are able to go a step further. First, in Table IV we give numerical data forδ K3+ in the strong-field regime. The data indicates thatδ K3+ has a local maximum somewhat within the innermost stable circular orbit. Second, in an online repository [64] , we provide a higher-order PN expansion ofδ K3+ ; below, we state the expansion at 8.5PN order (correcting a very minor error/typo in the y 6 term of (D10) in Ref. [26] ): How does a black hole move through and respond to an external environment? This question has been addressed by Manasse [66] , and others [44, 45, [67] [68] [69] [70] [71] [72] [73] , via the method of matched asymptotic expansions (MAE). In scenarios with two distinct length scales (M µ), one may attempt to match 'inner' and 'outer' expansions across a suitable 'buffer' zone (µ r M ) [74] . Indeed, this method was applied to derive the equations of motion underpinning the self-force approach [27] . Recently, much work has gone into improving initial data for simulations of binary black hole inspirals using MAEs [44, 46-48, 75, 76] .
In a standard approach [67, 70, 71] , the black hole is tidally distorted by 'external multipole moments': spatial, symmetric, tracefree (STF) tensors E ij , B ij , E ijk , B ijk , etc., related to the Riemann tensor evaluated on the worldline in the regular perturbed spacetime. These STF tensors are essentially equivalent to our tetrad-resolved quantities; for example, Detweiler's [70] STF moments are given by E ij = E ij , B ij = B ij , E ijk = E (ijk) and B ijk = 3 4 B (ijk) , with the subtlety of the interchange of spatial indices 2 ↔ 3.
Johnson-McDaniel et al. [44] have applied the MAE method to 'stitch' two tidally-perturbed Schwarzschild black holes into an external PN metric. Implicit in Eqs. (B1a)-(B1d) of Ref. [44] is a PN expansion of (conservative) quadrupolar and octupolar tidal quantities. Restricting to O(µ), in our notation Eqs. (B1a)-(B1d) of [44] imply
Note that here the O(µ 0 ) terms are leading-order terms in the Taylor expansion of the 'background' Schwarzschild results, and the O(µ 1 ) terms are consistent with the leading terms of our PN series in Sec. IV B. This reassuring consistency suggests that our O(µ/M ) results may indeed be used to help improve initial data for large mass-ratio binaries in the latter stages of inspiral.
VI. DISCUSSION AND CONCLUSION
In the preceding sections we have pursued the line of enquiry of Refs. [26, 30, 34, 36] , concerned with identifying and calculating O(µ) invariants for circular orbits, onwards into the octupolar sector. We identified 7 independent degrees of freedom in the octupolar sector, given by the (symmetrized) components of the derivative of the Riemann tensor as decomposed in the electric-quadrupole basis. A complete set of octupolar invariants for circular orbits is given by, e.g., ∆E (111) , ∆E (122) , ∆B (211) , ∆B (222) , ∆E (311) , ∆E (322) , ∆B (123) . Here, the first four are conservative and the latter three are dissipative in character. The remaining symmetrized components ∆E (133) , ∆B (233) (conservative) and ∆E (333) (dissipative) follow from trace conditions. All additional octupolar components, ∆E ij0 , ∆B ij0 , ∆E i[jk] and ∆B i [jk] , may be written in terms of the previous-known quadrupolar tidal invariants ∆E 11 , ∆E 22 , ∆B 12 , ∆B 23 [36] , the spin-precession invariant ∆ψ [34] and the redshift invariant ∆U [30] . Accurate results for the latter quantities are provided in Tables I & III of Ref. [36] and PN series are given in Ref. [42] . In passing, we should note a relationship which was overlooked in Ref. [36] : ∆B 23 = −B 12 ∆χ, where ∆χ is the dissipative invariant of Table I in Ref. [36] . Also, we should recall that the dissipative component of the self-force, F t and F φ , are also invariants. Taken together, we believe we have now arrived at a complete characterization of all circular-orbit invariants in the regular perturbed spacetime through O(µ), up to third-derivative order.
Highly-accurate numerical results for all the octupolar invariants we identify are given in Tables I-IV . Our numerical calculation is performed using Mathematica and is made within the Regge-Wheeler gauge as described in Sec. III. In addition, as a cross-check on our results, we performed the same calculation in the Lorenz gauge using a Mathematica re-implementation of Ref.
[59] -see Fig. 1 for an example of the excellent agreement we find between the two calculations. To complement our numerical results, we also calculate high-order post-Newtonian expansions for all the invariants. Our technique is briefly described in Sec. III B with the full details given in Ref. [42] . The lower-order PN expansions are given in Sec. IV B with the higher-order terms available online [64] . In Sec. V we explored two possible applications for the octupolar invariants.
We can envisage several ways this work could be extended. First, the high-order post-Newtonian results and the strong-field numerical data could be combined to produce global semi-analytic fits for the various invariants. Here, knowledge of the behaviour at the light-ring (Sec. IV C) should prove useful. Similar fits for other invariants have already been applied to EOB models [24, 25, 37] and freshly-calibrated EOB models have been successfully compared against numerical relativity simulations [6] . Second, we note that in Sec. II we have, in fact, derived the form of the octupolar invariants for circular, equatorial orbits in a rotating black hole spacetime. Looking ahead, practical calculations on Kerr spacetime are needed. The redshift invariant has already been calculated for circular, equatorial orbits about a Kerr black hole [39, 52] . It seems a natural extension to extend other invariants, such as the ones we describe here, to the rotating scenario. We believe this should be pursued with both numerical and high-order post-Newtonian treatments. Third, a further natural extension is to consider invariants for non-circular orbits. This was recently explored by Akcay et al. [38] for the redshift invariant and we expect the calculation for other invariants to follow in time. Fourth, looking further into the future, invariants at second order in the mass ratio could be calculated. The necessary regularization procedure is now known [77] [78] [79] and the framework for making practical calculations is beginning to emerge [80, 81] . As with previous calculations, initial work will focus on the redshift invariant [82] but the calculation of other invariants will surely follow. In this Appendix we give explicit expressions for the perturbations to the octupolar invariants (as defined in Sec. II D 2) for the case of a circular orbit in Schwarzschild spacetime. Our expressions are written in terms of the components of h ab and its partial derivatives in Schwarzschild coordinates, and are given by 
∆B ( 
∆B ( In order to compare our results with PN theory it is necessary to work in an asymptotically flat gauge. In both the Lorenz and Zerilli gauges the tt-component of the metric perturbation does not vanish at spatial infinity and so we make an O(µ) gauge transformation to correct for this [31] . For both gauges this correction can be made by adding 
